A new model (named CELBF) for medical image segmentation based on LBF and image entropy is proposed in this paper. We introduced image entropy to deal with the inhomogeneity of image gray level. Some real medical images are processed by using this new model and finite difference algorithm. The results show that new model improves the speed of segmentation and increases noise robustness. Compared with LBF model, the new model can segment inhomogeneity medical image more quickly and more accurately. Meanwhile the CELBF model has more strong robustness with noise.
Introduction
Medical image is widely used in medical diagnosis. At present, the image segmentation methods are mostly used to locate the lesion boundary. The earlier image segmentation methods were based on low-level image knowledge, such as image gray, edge, and so on. Typical segmentation methods include threshold method, region growing method, edge detection method, etc. With the increasing of image types and higher quality demand, more and more high-level techniques are used for image segmentation, and therefore some classic methods were developed to solve the problems of complex image segmentation based on clustering, partial differential equations, and graph theory, etc. Among the classic methods, the image segmentation method based on partial differential equation (PDE) is one of the most popular methods in the field of image segmentation. A lot of good results have been developed based on image segmentation method and the image segmentation method is still widely used [1] [2] [3] [4] [5] . Partial differential equation (PDE) image segmentation is a nonlinear image segmentation method which was developed in 1980s. Its basic idea is to make the continuous mathematical model of the image to follow with a partial differential equation, and the corresponding segmentation result is obtained when the stable solution of the equation is obtained. The most important advantage of this technique is that the curve is continuous and smooth in the process of evolution. The classical model of image segmentation based on partial differential equation (PDE) is the active contour model which is based on the deformable model. The basic principle of the deformable model is that the curve moves and changes under the action of the driving forces including the internal and the external forces, in which the internal force is based on the geometric characteristics of the curve and keeps the smoothness of the curve; external force drives curve approximation to the boundary of the object through prior information of the target and the image information. Under the action of the internal force and the external force, the curve moves to the boundary of the target under the smoothness condition. The active contour model makes deformation of the curve through minimizing the energy. In the active contour model, an energy function of the curve is defined firstly, and then the given energy function is minimized to make the curve evolving to the boundary of the target.
In this paper, a new algorithm (named CELBF) for medical image segmentation based on information entropy is proposed. We combined the CV and the LBF models and used the concept of information entropy. The numerical results with MATLAB are satisfactory.
Mathematical Basis of the Model
Mathematics plays an important role in the development of image segmentation and penetrates into the various branches of image segmentation. PDE, as an applied mathematics, has become a hot topic in the field. Meanwhile, because the partial differential equation method is suitable for many kinds of images, it has very important theory and application value. The ideas of partial differential equations being applied to image processing can be traced back to the work of Gabor [6] in 1965 and Jain [7] in 1977. But a substantial progress thanks to Koenderink [8] and Witkin [9] , for they put forward an idea of that signals and different scales of the convolution of Gauss function is equivalent to the heat diffusion equation with initial value of signal in 1984 and 1985 respectively, which was based on the theory of multi-scale analysis. Koenderink and Witkin also solved image denoising problems using the thermal diffusion equation. In 1993, an axiomatic system was formed by L. Alvarez [10] et al through the ingenious processing for the derivation of the Affine Morphological Scale Space equation, which marks that the formal formation of the discipline of image processing based on the partial differential equations.
During the last few decades, the image segmentation method based on differential equations has made great progress. Many kinds of typical active contour models based on geometric region have been proposed. Here we mainly introduce the CV model and the LBF model, because our new model in this paper is obtained mainly by introducing the image entropy method and by combining the CV model and the LBF model.
Chan-Vese (CV) Model
The CV model is a classical geometric active contour model based on region, which was proposed by Chan and Vese [3] in 2001. The CV model can be defined as that the image set ‫ܫ‬ defined in Ω is divided into two parts by the active contour ‫,ܥ‬ and the two parts were recorded as ‫݁݀݅ݏ݊݅‬ ‫)ܥ(‬ and ‫.)ܥ(݁݀݅ݏݐݑ‬ We use ܿ ଵ and ܿ ଶ to represent the average value of the internal gray level of the curve and the average value of the external gray level of the curve respectively. The fitting energy functional is defined as follows:
where ‫)ܥ(‪ℎ‬ݐ݃݊݁ܮ‬ is the length of the contour curve which plays a role of regularization, ‫݁݀݅ݏ݊݅(ܽ݁ݎܣ‬ ‫))ܥ(‬ is the internal area of the contour curve, ‫,ݑ‬ ‫ݒ‬ ≥ 0 are two parameters; ߣ ଵ , ߣ ଶ are two weight coefficients, and ߣ ଵ , ߣ ଶ > 0. The first two terms on the right hand side of the formula are called the "fitting" terms which are mainly used to control the fitting error for the contour curve fit edge. The other two terms are called the "smooth" terms for getting a smooth curve in the process of evolution. The final position of the contour curve can be obtained by minimizing the energy functional.
Let the level set function ߶ be represented by the following formula:
)ܥ(݁݀݅ݏݐݑ‬ In order to apply the level set method, the Heaviside function is introduced
And the Dirac function is as
In this method, the Heaviside function is used to divide the region of evolution, and the Dirac function is used to define the value of evolution around the zero level set function. Here,
Thus, the energy functional of the level set function is obtained as
At this point, the level set of the image ‫,ݔ(ܫ‬ ‫)ݕ‬ is: 
In the CV model, usually we set ‫ݒ‬ = 0. The energy functional ‫ܧ‬ (߶, ܿ ଵ , ܿ ଶ ) , is minimized using the variation method and gradient descent flow technique and Euler-Lagrange equation is obtained as
The regularized Heaviside function is often used in the numerical calculation as
and the corresponding Dirac function is
Our goal is to expand the capture range and to prevent the occurrence of singular cases. For the CV model, due to the fact that both ܿ ଵ and ܿ ଶ represent the average gray values of the internal and external of the contour curve and therefore are global variables, CV model is a segmentation model based on global information. Although it has advantages with respect to noise robustness, calculation simplicity, etc., it cannot be used for non-uniform gray image segmentation.
Local Binary Fitting (LBF) Model[3,4,11]
Let ‫ݔ‬ be a point in the image area and ‫ܥ‬ be the contour curve, and the fitting energy function at the point ‫ݔ‬ is defined as
where ݂ ଵ ‫)ݔ(‬ and ݂ ଶ ‫)ݔ(‬ are gray fitting values of the image at the point of ‫,ݔ‬ ‫ܭ‬ ఙ is the Gauss kernel function with a standard deviation of ߪ, and
Let ߶ be the level set function of contour curve C. Using the level set method, we have
The total fitting energy function is
term, the total energy functional of LBF model is
Firstly fixing ߶ in above formula, after minimizing the energy functional ‫ܧ‬ ி with respect to ݂ ଵ ‫)ݔ(‬ and ݂ ଶ ‫,)ݔ(‬ we have
Then fixing the fitting factors ݂ ଵ ‫)ݔ(‬ and ݂ ଶ ‫,)ݔ(‬ after minimizing the energy functional ‫ܧ‬ ி with respect to ߶ , the evolution equation of the energy functional ‫ܧ‬ ி is obtained using a gradient descent flow:
where
In the LBF model, ݂ ଵ ‫)ݔ(‬ and ݂ ଶ ‫)ݔ(‬ are the fitting energy of the image at the point x which are local energy related variance. Therefore, the LBF model is based on the local image information. Meanwhile, due to the introduction of the local energy, the LBF model has good segmentation effect for inhomogeneity image. Its disadvantages are that it is sensitive for contour initialization and poor noise robustness, etc.
A New Model Celbf Based On Information Entropy
Considering the advantages and the disadvantages of the CV model and the LBF model [12] , we created a new local fitting energy functional to replace the ones in the CV and the LBF models. The new energy functional is defined as:
is a global fitting factor,
is a new local fitting energy functional level set, and
Use gradient descent to solve the equation (3.1), we have the final curve evolution equation:
We call ‫ܨ‬ ଵ and ‫ܨ‬ ଶ the global intensity fitting (GIF) force and the local intensity fitting (LIF) force, respectively.
In order to deal with the gray inhomogeneity of images, we introduce the concept of image entropy in our model. The image entropy was introduced for the first time to image segmentation in 1972 by Freden [13] . From then, the concept of entropy has played an important role. At present, image entropy is commonly used in image segmentation.
Let ‫‬ be a distribution of a given image ‫ܫ‬ . Based on Shannon's information theory, the image entropy is
Where the distribution function of the image ‫‬ can be given by a variety of ways depending on the segmentation method.
In this paper, let ‫:ܫ‬ Ω ⊂ R ଶ → ܴ be an image and Ω ௫ ⊂ Ω be a neighborhood of x with a radius of r. Then the local entropy for point x is defined as
is the distribution function of gray level [10, 14] which is shown as
The reason for the LBF model being sensitive to noise is that the gray level variation of image is not considered when the local fitting energy ‫ܧ‬ ி is defined. In this paper, we consider the gray variation information and also modify the energy in (2.1). Then we propose a weighted LBF model that is based on image entropy to improve robustness to the noise. We define this model as CELBF model. We define a new fitting energy functional at contour curve C of LBF model as
)ݎ‬ is the local entropy for point ‫.ݔ‬ By minimizing the energy functional, we obtain the level set differential equation of our model
With this model, several groups of images were segmented by using finite difference method and MATLAB. Comparing with the results of LBF model, our results are satisfactory.
Result and analysis
Using our new CELBF model, we obtained better results than the CV model and the LBF model. 
Segmentation Time

Segmentation for Magnetic Resonance Imaging (MRI)
Segmentation methods are widely used for dealing with MRI images. Figure 4 .4(c) are segmentation results for a simple synthetic image (64*61) using the two models. This image is relatively simple for segmentation because of the target and the background has obvious contrast. Therefore, both two models achieve good results. But CELBF model is faster than the LBF model. The experimental results illustrate further that the CELBF model has more advantages on medical images with gray inhomogeneity, weak edge images and complex background images. CELBF has strong robustness to noise, and so on.
Conclusion
Image segmentation methods based on partial differential equation is widely used. However, the existing models are generally sensitive to noise, and lack of robustness and evolution speed. In this paper, we propose an improved LBF model based on image entropy (defined as CELBF). Using this model and MATLAB, several groups of medical images segmentation are simulated. The segmentation results show that our CELBF model improves the robustness of the LBF model and the segmentation speed at the same time. Therefore, the CELBF model can better deal with medical images with gray inhomogeneity. Our model has advantages with respect to segmentation speed, accuracy and noise robustness.
